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Abstract Discovery learning model is one of the strategies that teachers can choose to help students' difficulties in 

learning mathematics. In the view of Bruner, learning by invention is a learning process in which a student is faced 

with a problem or situation that seems confusing so that students can search for and find answers to such problems 

based on the knowledge they have. In learning activities students are suggested to find something, formulate a 

hypothesis, or draw a conclusion of its own. The aptitude treatment interaction strategy is seen as an active learning 

process, because students will learn more through the process of formation and creation, group work and knowledge 

sharing. However, each student still has individual responsibility as the key to successful learning using this strategy. 

Aptitude treatment interaction is a strategy that contains a number of treatment of learning by developing effective 

learning conditions for students who have different levels of ability. Learning with the discovery model can be 

complemented by the Aptitude Treatment Interaction strategy. The purpose of this study is to know the superiority of 

the discovery model which is complemented by the Aptitude Treatment Interaction strategy and applied in 

mathematics learning. The results of the study indicate that the discovery learning model equipped with the Aptitude 

Treatment Interaction strategy can improve students 'understanding of students' math concept. 
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INTRODUCTION 
 

Educational issues are always interesting to talk about. This is because education is a very complex problem and humans 

become the object of study of education itself which generally can change the style of thinking from time to time. Education is a 

conscious effort undertaken by the government through guidance, teaching, school-going and out-of-school training, to prepare 

learners in order to play a role in the right environment in the future. [1] As described in the national education system law No. 20 

of 2003 Chapter I article 1 states that:  

“Education is a conscious and planned effort to create an atmosphere of learning and learning process so that learners 

actively develop their potential to have the spiritual power of religion, self-control, personality, intelligence, noble 

character, as well as the skills needed him, society, nation and state.”[2] 

The essence of education is a process of study and learning. Study and learning are two activities that can not be separated 

from each other. Study and learning interconnections can be described with a system, study and learning process requiring 

basic input which is a learning experience material in teaching and learning process in the hope of changing into output with 

certain competencies. In addition, the process of study and learning is also influenced environmental factors into input 

environment and instrumental factors that are factors deliberately designed to show the learning process and the output to be 

produced. [3] Improving the quality of education and teaching must always be pursued and implemented by improving the 

quality of learning. 

Mathematics is one of the basic sciences used in all fields of science and is closely related to everyday life. Twenty years 

ago, the National Research Council (NRC) of the United States has expressed the importance of mathematics to human life 

with the following statement: "Mathematics is the key to opportunity". The success of learning mathematics will open the door 

of a brilliant career for a student. [4] While in the purpose of learning there are several aspects of ability one of them the ability 

to understand the concept. In learning mathematics understanding is a very important aspect. Understanding mathematical 

concepts is an important foundation for students thinking in solving mathematical problems as well as problems in everyday 

life. 
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Many efforts need to be taken to realize the purpose of learning, thus allowing the occurrence of optimal learning events 

in students. One of his efforts is to get students actively involved in learning activities to think, interact, do to try, find new 

concepts or produce a work. [5] To achieve these results it is necessary to find a model of learning that can be used to 

improve teaching and learning process, so that student learning outcomes can be improved, such as discovery learning 

model (discovery learning model). Discovery (discovery) is a learning model developed based on the view of 

kontruktivisme. This model emphasizes the importance of understanding structures or important ideas to a discipline, 

through active student involvement in the learning process. [6] In addition, it is also necessary an approach that can be 

collaborated with the discovery learning model for optimal learning quality can be achieved. One such approach is the 

Aptitude Treatment Interaction (ATI) approach. Aptitude Treatment Interaction (ATI) approach is an approach that seeks 

to find treatments that match the aptitude of students' abilities. The treatments are optimally applied to students of different 

levels of ability. The ATI learning approach will be effectively used for learning that the individual ability of the student s 

varies, because the ATI learning approach is a concept or model that contains a number of effective learning strategies that 

are used for certain students according to their aptitude. [7] 

 

DISCUSSION 

 

Discovery Learning Model 
 

The discovery model is defined as a learning process that occurs when students are presented with learning materials that 

are still incomplete or complete, requiring students to disclose some of the information needed to complete the teaching 

materials. [8] Discovery is a learning model developed on the basis of constructivism. Constructivism is the basis of contextual 

learning thinking, that knowledge is built by humans little by little, whose results are expanded through a finite context and 

not suddenly. Students must get used to solving problems and can find ideas that are useful for themselves. While the essence 

of constructivism theory is the idea that students must discover and transform information to other situations. [9] The foundation 

of constructivism thinking is somewhat different from that of the objectivists, who put more emphasis on learning outcomes. 

In a constructivist view, strategy gains precedence over how many students acquire and recall knowledge. 

According to Bell, learning discovery is learning that takes place as a result of students manipulating, creating structures 

and transforming information in such a way that it finds new information. [10] Discovery (discovery) is a mental process when 

students assimilate a concept or a principle. As for mental processes for example, observing, explaining, categorizing, making 

conclusions, and so on. While the principle for example, any metal when heated expands. [11] Students trained in discovery 

learning will have the skills and techniques in their work through real problems in their environment. Learning discovery 

learning is a model that develops the way students learn actively by discovering, meaning to produce something for the first 

time using imagination, thought, or experimentation. Discovery in learning mathematics means the activity produces a 

mathematical idea, a rule, or a way of solving the problem for the first time. The mathematical idea that students first discovered 

is not necessarily a completely new idea, but is at least new to students. Self-discovery will be better understood and 

remembered by the inventor. [12] 

The specific objectives of learning with the invention put forward by Bell (1978) are as follows: a) In the discovery the 

student has the opportunity to be actively involved in learning. The fact shows that student participation in learning increases 

as the invention is used. b) Through learning by discovery, students learn to find patterns in concrete and abstract situations, 

as well as students predominantly extrapolate additional information provided. c) Students also learn to formulate answering 

strategy that is not ambiguous and use question and answer to obtain useful information in finding. d) Discovery learning helps 

students form effective ways of working together, sharing information, and listening and using other people's ideas. e) There 

are several facts that show that the skills, concepts and principles learned through discovery are more meaningful. f) Skills 

learned in discovery learning situations in some cases, more easily transferred for new activities and applied in new learning 

situations.[13] 

Discovery Learning model criteria such as teachers organize learning to create an atmosphere of discovery, teachers invite 

learners to think, learners to investigate the discovery, participation and interaction levels of high learners, and learners can 

operate high-level thinking skills obtained in the form of the ability to analyze, synthesize, and evaluate.[14] From the various 

opinions above, it can be concluded that the Discovery Learning Model is a learning that provides hands-on experience to 

students through practice or experimentation so that students will find the information they are currently taught and can draw 

a conclusion from the information. Thus, the understanding of one concept of information will last long because students who 

find the information itself.  

Selection of learning models to be used in learning must be accompanied by a consideration to obtain a good or an excess. 

Hosnan suggests some advantages of the discovery learning model as follows.[10] 

1). Helps students to improve and improve cognitive skills and processes. 

2). The knowledge gained through this model is very personal and powerful because it reinforces understanding, 

memory, and transfer. 

3). Can improve students' ability to solve problems. 

4). Helping students strengthen their self-concept, as they gain trust in working with others. 

5). Encourage student activity engagement. 

6). Encourage students to think intuition and formulate their own hypotheses. 

7). Train students self-learning. 

8). Students are active in teaching and learning activities, because they think and use the ability to find the end result. 

There are some advantages of the model discovery learning, namely: 1) Create a sense of pleasure in students, because 

the growing sense of investigation and success. 2) Students will understand basic concepts and ideas better. 3) Encourage 

students to think and work on their own initiative. 4) Students learn by utilizing various types of learning resources.[15] 
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According to Marzano, in addition to the advantages that have been described, still found some advantages of the model 

discovery learning, namely: 1) Grow as well as inculcate inquiry attitude. 2) Knowledge is long-lasting and memorable. 3) 

Discovery learning results have a better transfer effect. 4) Increase students' reasoning and free thinking skills. 5) Train 

students' cognitive skills to find and solve problems without the help of others.[10] 

Hosnan discusses some of the shortcomings of the discovery learning model: (1) Takes a lot of time because teachers are 

required to change the teaching habits that generally provide information as facilitators, motivators, and mentors, (2) which 

is still limited, and (3) Not all students can follow the lesson in this way. Each learning model must have shortcomings, but 

the shortcomings can be minimized in order to run optimally.[10] Westwood suggests that learning with discovery models 

would be effective in the following cases: (1) learning processes are carefully structured, (2) students have the knowledge 

and skills to learn, (3) ) the teacher provides the support students need to make an inquiry.[15] 

Based on some opinions that have been expressed by the experts, the researchers conclude that the advantages of the 

discovery learning model is to train students to learn independently, train students' reasoning abilities, and involve students 

actively in learning activities to find themselves and solve problems without the help of others. The disadvantages of the 

discovery learning model is that it takes a lot of time because it changes the way learning is commonly used, but the 

shortcomings can be minimized by planning the learning activities in a structured way, facilitating students in discovery 

activities, and constructing the initial knowledge of the students so that learning can run optimally. 

 

Learning Strategy Aptitude Treatment Interaction 

 

According to David, in the world of education, strategy is defined as a plan, method, or series of activities designed to 

achieve a particular educational goal.[16] The word strategy comes from the Latin strategy defined as the art of using the plan 

to achieve the goal. Strategy is planning to achieve something. Strategy can be interpreted as a science or tips in utilizing 

resources to achieve goals. Strategy can also be interpreted as an outline of the bow to act in an effort to achieve a 

predetermined goal. Each teacher describes a variety of teaching styles and is performed typically by each teacher in his class 

in carrying out learning activities. Starting from the combination of methods performed, techniques and tactics are done 

differently but with the same goal is to achieve learning objectives. When it is done by the teacher in his class, at that moment 

a teacher is applying a learning strategy.  

Learning strategy is basically a plan of action (a series of activities) including the use of methods and the use of various 

resources or strengths in learning that are structured to achieve a specific goal of learning objectives.[17] Learning strategy is 

the ways that will be chosen and used by a teacher to deliver learning materials so that will facilitate students to receive and 

understand learning materials, which in the end learning objectives can be mastered.[18] In addition, learning strategies can be 

interpreted as planning that contains about a series of activities designed to achieve specific educational goals.[19] 

Aptitude Treatment Interaction (ATI) is a learning strategy that seeks to find and treat treatments that match the aptitude 

of students. [7] While Snow states that ATI is a concept that contains a number of learning strategies that are slightly effective 

to use for certain students in accordance with the characteristics of its ability is based on the assumption that the optimization 

of mathematical concepts can be achieved through the adjustment between the treatment of learning (treatment) with aptitude 

of students.[7] The definition of Aptitude-Treatment Interaction is expressed by Felik Modritscher that is: 

“This strategy teermed as aptitude-treatment interaction (ATI) proposes different types of  learner characteristics can be 

summarized with the following ones: intellectual abilities, cognitive styles, earning styles, prior knoledge, anxiety, 

achevement motivation, and self-efficiency.”[20]  

This means that this approach is an adaptation by using a structured strategy for learners who have different characteristics. 

This strategy develops as ATI because ATI proposes various types of student characteristics: intellectual ability, cognitive 

style, productive style, agility, anxiety, achievement motivation, and self-efficacy. 

Keefe, James W. and Ferrell, Barbbara G. define Aptitude-Treatment Interaction as: 

“Aptitude-Treatment Interaction is a systematic attempt to related individual differences in aptitude including aspects 

of cognitive and affective style to instructional method Cronbach and Snow postulated that aptitudes in general interact 

with instructional treatment to affect student learning. Aptitude-Treatment Interaction that individual differ in the 

amount of a trait they possess. Thus, the emphasis is on the nation of variability among individual.” [21] 

In other words, ATI is a systematic effort that connects individual differences in talent including aspects of cognitive and 

affective styles to the Cronbach and Snow learning methods that postulate that ability generally interacts with instructional 

learning to influence student learning. ATI assumes that individuals differ in the number of traits they possess. Thus, the 

emphasis is on variability among individuals. 

The definition of Aptitude-Treatment Interaction is clarified by Greg Kearsley (2003: 6) that is: 

“Aptitude Treatment Interaction (ATI) is the concept that some instructional strategies (treatments) are more or less 

effective for particular individual depending upon their spesific abilities. As a theoretical framework, ATI suggests 

that optimal learning results when the instruction is exacly matched to the aptitudes of the learner. It is consistenst 

with theories of intelligence that suggest a multidimensional view of ability. ATI research is predict educational 

outcomes from combinations of aptitudes and treatments: (1) aptitude treatment interactions are very common in 

education, (2) many ATI combinations are complex and difficult to demonstrate clearly, and no particular ATI effect 

is sufficiently understood to be the basic of instrucional practice.” 

Aptitude-Treatment Interaction is the concept of learning strategy by giving treatment to some students according to their 

ability. This method is believed to provide optimization of learning outcomes if the learning is done in accordance with the 

ability of learners in learning. A careful perspective in providing learning for students from all sides enables learners to learn 

according to their abilities. ATI strategies can influence learning outcomes and require the complexity of learning methods 

based on learners' abilities so as to require an understanding of practical educational foundations. 

Based on the definition and definition mentioned above, can be obtained the main meaning of ATI strategy, as follows: 
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1). ATI strategy is a concept or model that contains a number of treatment of learning (treatment) is effectively used for 

certain students in accordance with differences in ability. 

2). As a theoretical framework, the ATI strategy assumes that the optimization of academic achievement / learning 

outcomes will be created whereby the treatments in the learning are adjusted in such a way by the aptitude of students. 

3). There is a reciprocal relationship between academic achievement / learning outcomes achieved by the students with 

the setting of learning conditions in the classroom or in other words, the academic achievement / learning outcomes 

obtained by the students depends on how the learning conditions developed by teachers in the classroom.. 

ATI's learning strategy aims to create and develop a caring learning and attention to the interrelationship between a person's 

aptitude with learning experience or typically with the method of learning (treatment). Therefore, ATI strategy seeks to find 

and select a number of approaches, methods / ways, tips that will be used as a treatment (treatment) is appropriate treatment 

in accordance with the aptitude of students. The success of ATI strategy to achieve the goal can be seen from the extent to 

which there is a suitability between treatments (treatments) that have been implemented in learning with aptitude of students. 

The suitability will be manifested in the academic achievement / learning outcomes achieved by the students. The higher the 

optimization that occurs on the achievement of academic / student learning outcomes, the higher the level of success of the 

development of ATI learning model. Thus it can be concluded that the main goal of ATI strategy is the creation of optimization 

of academic achievement/ learning outcomes through the adjustment of learning (treatment) with aptitude difference of 

students. 

The aptitude treatment interaction strategy is seen as an active learning process, because students will learn more through 

the process of formation and creation, group work and knowledge sharing, as well as individual responsibility remains the key 

to successful learning. ATI is a strategy that contains a number of learning treatments by developing effective learning 

conditions for students who have different levels of ability. This strategy is believed Thorsett can provide students 

opportunities to engage in discussion, critical thinking, courage and willing to take responsibility for their own learning 

according to their ability.[22] 

 

Aptitude Treatment Interaction Learning Strategy in Discovery Learning Model 

 

Associated with ATI as a strategy that contains a number of learning models, then the model used with this strategy is a 

discovery learning model. Because in the discovery learning model, students are directed to construct their knowledge and 

then find answers to problems based on the knowledge they have and the results of the construction. If the discovery learning 

model combined with the ATI strategy, then there are several steps that must be done, that is: 

1). Treatment (Treatment) Early. 

Provision of pretest initial treatment of students. The first treatment is intended to define and define the classification of 

learners group based on aptitude / ability, and also to know the potential ability of each learner in facing information / 

knowledge or new capabilities. 

2). Stimulation  

Learners are faced with a problem that causes confusion, then proceed to not give generalization, in order to arise desire 

to investigate themselves. Stimulation at this stage serves to provide a learning interaction condition that can develop and 

assist learners in exploring materials. Thus, from the activity at this stage of the simulation learners can interpret the 

problem problems they encounter and ultimately can categorize and consider the problem problem. 

3). Statement / Problem Identification (Problem Statement) 

The teacher gives the learner the opportunity to identify as many issues as relevant to the subject matter or material, then 

one of them is selected and formulated in the form of a question or hypothesis (temporary answer to the problem question). 

(Shah, 2004: 244). 

4). Grouping Learners 

Teachers divide students or group students into three groups and labeled high, medium and low according to the 

classification obtained from the pretest results. Students who have been grouped can study in one classroom. The way in 

which the groups of students are placed depends on the teacher's creativity. For example, a highly capable student can 

study in the backside class in a circular position for joint discussion. The group is studying in the right class and the lower 

group on the left front with a sitting position lined up. If each group consists of many students, the group is subdivided 

randomly into smaller groups of members. 

5). Data Collection 

At this stage, the teacher distributes Student Worksheet to each student group. This stage serves to answer questions or 

prove whether or not the hypothesis is true. Thus, students are given the opportunity to collect (collect) relevant 

information, read literature, observe objects, interview with resource persons, conduct their own tests and so on.[23] 

6). Data Processing 

Data processing is also called coding / categorization that serves as the formation of concepts and generalizations. From 

these generalizations students will gain new knowledge about alternative answers / solutions that need to get a logical 

proof. At this stage, the teacher explains the material to medium and low groups. While in the high group are given the 

freedom to discuss and solve problems in the LKS according to their ability, teachers only monitor the course of student 

discussion and provide assistance as necessary. The teacher guides the way for low-level group discussions and gives 

more attention and guidance to working on the LKS that has been given. 

7). Verification 

Learners do an examination to prove whether or not the hypothesis is established with alternative findings, related to the 

results of data processing. Some group representatives present their group work in front of the class. Another student 

responds to the work of his friend. The teacher provides additional confirmation and information if the student has not 

found the correct answer. 
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8). Withdrawal Conclusion / Generalization (Generalization) 

Generalization is the process of drawing a conclusion by paying attention to the results of the verification. Each group 

draws conclusions from the material it has learned by being guided by the teacher. 

9). Final Treatment 

At this stage, the teacher gives each student a chance to ask things that have not been understood in the material being 

studied. In addition the teacher submits the announcement to the low group to follow the tutorial that can be held when 

the learning has ended. Furthermore, the teacher gives the post-test problem as the final treatment to each group and the 

students do it independently. 

 

Conceptual Understanding 

 

One of the important proficiency in mathematics is the conceptual understanding. According to Kilpatrick, Swafford, & 

Findell, conceptual understanding is the ability to understand concepts, operations and relationships in mathematics. 

Furthermore, Kilpatrick, et al states:  

 “Conceptual understanding refers to an integrated and functional grasp of mathematical ideas. Student with conceptual 

understanding know more than isolated facts and method. They understand why a mathematical ideas important and the 

kinds of contexts in which is it useful.”[24] 

The statement can mean that conceptual understanding is concerned with comprehending mathematical ideas that are 

thorough and functional. Students who have conceptual understanding are more aware of facts and separate methods. They 

understand why important mathematical ideas and various useful sentence relationships. According to Zahorik, understanding 

of understanding, is "knowledge gained not to be memorized, but to be believed and understood, by (1) formulating a 

temporary concept; (2) sharing with others to get a response; (3) revise the concept of the response and then develop ".[25] 

Meanwhile, according to Sanjaya, conceptual understanding is the ability of students in the form of mastery of a number of 

subject matter, where students not only know or remember a number of concepts learned, but able to re-disclose in other forms 

that are easy to understand, provide interpretation of data and able to apply concepts that fit their cognitive structure.[26] 

Bloom in Anderson, et.al (2001) states that conceptual understanding is the ability to grasp meanings such as being able to 

express a material presented into a more comprehensible form, capable of interpreting and being able to apply it. The ability 

to understand the concept is important in intellectual ability that is always emphasized in schools and universities. The ability 

to understand the concept of a subject matter is the most important thing in intellectual development, so understanding 

mathematical concepts is one of the most important academic aspects possessed by a mathematics teacher.[27] Therefore, this 

skill needs to be continuously improved. Understanding mathematical concepts is a skill or mathematical skill that is expected 

to be achieved in learning mathematics, that is by showing the interconnection between concepts and applying concepts or 

algorithms are flexible, accurate, efficient and appropriate in solving problems. Indicators of concept understanding according 

to Kilpatrick and Findell, are: 1) The ability to restate the concepts that have been learned. 2) The ability to clarify objects 

based on whether or not the requirements form the concept are fulfilled. 3) The ability to apply concepts in an algorithm. 4) 

Ability to provide examples of concepts learned. 5) Ability to present concepts in the form of mathematical representations. 

6) Ability to associate various concepts (internal and external mathematics).[24] 

The mathematics is the science with the concepts is arranged in a hierarchical, structured, logical and systematic ranging  

from  the  simplest  concept  to  the  most  complex concept. For that, learning math must be done continuously, meaning 

continuous and not intermittent. According to Hudoyo, “The concepts in mathematics have interrelationships with one 

another, so students should be given more opportunities to see connections with other materials”. It is intended that students 

can comprehend math material widely and deeply. If students are be able to understand the concepts of mathematics 

deeply, then the next student must have been able to solve the problems and able to apply the learning. Hudojo also revealed 

that to be able to understand the structures and relationships, of course it takes an understanding of the concepts contained in 

mathematics. According to NCTM (2000), to achieve a meaningful understanding, mathematical learning should be directed 

at developing the ability of mathematical connections between ideas, understanding how mathematical ideas are interconnected 

with one another so as to build a thorough understanding, and to use mathematics in contexts outside mathematics . 

Understanding the concept is the main basis in learning mathematics. Hudoyo states that learning mathematics requires an 

understanding of the concepts, these concepts will give birth to theorem or formula. In order for concepts and theorems to be 

applied to other situations, there is a need to use these concepts and theorems. Therefore, the learning of mathematics should 

be emphasized towards the understanding of concepts. The student is said to have understood the concept if he has been able 

to abstract the same trait, which is characteristic of the learned concept, and has been able to generalize the concept. That the 

vision of developing mathematics learning to meet the necessary of the present and future of mathematics learning needs to 

be directed  understanding the concepts and principles of mathematics that  are needed  to  solve mathematics problems as 

well as other the scientific problems.  Thus,  it  can  be  said  that  conceptual understanding  plays  an  important  role  and  

needs  to  be improved in learning mathematics. [12] 

Given the importance of understanding the concept, Hiebert and Carpenter state that teaching that emphasizes 

understanding has at least five advantages: 1) Understanding gives generative, meaning that if one has understood a concept, 

then that knowledge will lead to another understanding because of the interdisciplinary knowledge that the students have so 

that each new knowledge through the relationship with the existing knowledge before. 2) The understanding of spurring 

memory means that a well-understood knowledge will be organized and linked effectively with other knowledge through 

organizing schemes or knowledge more efficiently within the cognitive structure of thinking so that knowledge is easier to 

remember. 3) Understanding reduces the number of things that must be remembered means the fabric that is formed between 

the knowledge of one another in the cognitive structure of students who study it with full understanding is a very good network. 
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4) Understanding increase the transfer of learning means understanding of a mathematical concept will be obtained students 

who actively find similarity of the various concepts. This will help students to analyze whether a particular concept can be 

applied to a particular condition. 5) Understanding affects the beliefs of students means students who understand math well 

will have positive beliefs which will further help the development of mathematical knowledge.[28] 

From the description, it can be understood that the ability of conceptual understanding is the ability of students to construct 

the meaning or understanding of a concept based on the initial knowledge they possess, or to integrate new knowledge into 

the existing scheme in students' thinking. The ability to understand the concept of mathematics wants students to be able to 

use or apply what they have understood into learning activities. If the student has a good understanding, then the student is 

ready to give a definite answer to the statements or problems in learning. 

 

SUMMARY 

 

Based on the above description, it can be concluded that: 

a. The ability of mathematical understanding between students who get the ATI learning model is higher than the students 

who get the conventional learning model. That is, ATI learning model has a positive effect on students' mathematical 

understanding ability. 

b. Improvement of students' mathematical understanding ability which get the learning model of ATI interpretation is high 

and the conventional learning model of interpretation is moderate. 

c. The attitude of students who get ATI learning model shows in good interpretation. 
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