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Abstract— This article aims to describe in correcting errors experienced by students 

in constructing mathematical proofs related on concept of numbers. Research was 

conducted on students who have taken Number Theory courses at the University of 

Sultan Ageng Tirtayasa Serang-Banten. The research data obtained by asking the 

students  who have worked on the mathematical proof problems, then proceed with 

the interview-based questions. The focus of the discussion of this article is to correct 

errors in constructing proofs when students’ answer is right at the first step of proof, 

but not connected with other mathematical concepts that support the proof. Based on 

this research, facilitating the student who has the inadequacy of the concept can be 

done through the following steps: 1) raise awareness that there is an error in 

constructing the proof, 2) encouraged to think of reflection, and 3) help to get 

directions or strategies of proof. The flow of the correcting process, starting with 

correcting concepts with examples, correcting the pattern in the form of formal logic, 

symbolization, and then inserting to Representation System Proof (RSP).  

Keywords: Proof Construction, Formal-proof, Inadequacy Concept, Awareness, 

Reflection. 

I. INTRODUCTION 

The process of proving a mathematical proposition is a sequence of mental and physical actions, such 
as writing, thinking tobegin the proof, draw diagrams, to reflect on previous actions or trying to remember 
the example. The process of proof formation of a theorem of or statement is more complex than the proof 
itself [1]. Therefore, teacher is needed for facilitating in learning mathematics thus facilitate students in 
mathematical proofs. In mathematics, one of the teachers’aid to help the students in order to make it easy 
to perform mathematical proofs is to make it into a tangible proof [2]. So, teaching assistance on 
mathematical proof to the students can be done gradually and trying to create proof into something 
tangible. 

Griffiths (in [3]) states that a mathematical proof is a formal and logical way of thinking that starts with 
axioms and moving forward through logical steps to arrive at a conclusion. Based on these definitions, 
provide properties that mathematical proof should be logical. Logical mean, it is accordance with the rules 
of inference  so the conclusion is valid. Therefore, the processes that occur in constructing proofs are using 
the rules of inference from the known, which then connects with the facts or other mathematical concepts 
that lead to the conclusion that is intended to prove. 

Research in improving mathematical proof by the students has been conducted by several researchers 
([4], [5], [6],[7], [8]). Komatsu’s research [4] on elementary school students and Komatsu et al. [5] to high 
school students, both were studying mathematical proofs by providing a problem to build a simple 
conjecture, then submit a counter-example of the problem. With a counter-example, students are 
encouraged to indicate whether the conjecture they  built is right or wrong. Thus, correcting errors in 
constructing  mathematical proofs can be done in various ways, so it can force the students to do reflective 
thinking. Selden and Selden [6] conducted a study about improving mathematical proof of the student by 
asking students to assess and validate the wrong mathematical proof. The result is the validation of proof 
done by the students can be effective in improving the learning of mathematical proof. This is because in 
validating the wrong proof, it turns out that the students were doing reflective thinking processes. 
Andrew’s research [7], so that with such a device,studentsare capable of knowing their  mistakes and  
hopefully will correct the error of the proof. Stylianides & Stylianides [8] revealed that the learning stages 
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with Conceptual Awareness Pillars (CAPs) were able to aware students to the concepts associated with 
mathematical proof by giving the challenge in the form of a counter-example. 

Preliminary research conducted by [9], schemes of students thinking in constructing a formal proof can 
be categorized and modeled in four quadrants student thought processes, namely: (1) Quadrant I, able to 
make correct think schema; (2) Quadrant II,the student who suffered concepts insufficiencies caused by not 
doing reflection so that the necessary concepts can be used completely; (3) Quadrant III, experiencing 
misconception due toinsufficienciesofprior knowledge and not knowing the correct proof steps(4) 
Quadrant IV, incorrect logic that caused by the  prior knowledge of its use is not in accordance with the 
structure of the expected proofs. Therefore, there is a need for a study of the transition of students from 
Quadrant II, II and IV towards Quadrant I. Based on the above, this article aims to describe and correct 
errors experienced by students in the construction of mathematical proofs of  Quadrant II to Quadrant I. 

II. METHOD 

 
The present study is qualitative research which aims at constructing proof. This of the six students who 

were  used as research subjects, all students experienced errors in constructing the proofs above. Proofs 
construction  made by students can be categorized into three types, namely: 1) right at the first step of 
proof, but wrong in connecting with the other mathematical concept  that support the mathematical proof, 
2) have not bring up the initial step of the right proof, so they are  not capable to  construct the proofs well, 
and 3)make mistake in the first step in choosing the proof method, so they are  not capable to  construct the 
proofs well. The focus of the discussion in  this article is to correct  errors in constructing proofs when 
students were right at the first step of proof, butwrong  in connecting it mengoneksikan with other 
mathematical concepts that support the proofs. 

Research was conducted to the students at the University of Sultan AgengTirtayasa who have taken 
Number Theory courses. Students were given the opportunity to work on the proof problems, and then 
proceed with the interview-based questions. The research subject is taken from the students who were right 
at the first step of proof, but wrong in connecting it with other mathematical concepts that support the 
proof. Analysis of data is using constant comparison techniques, which is  taking two students who have 
characteristics with the similar mistakes in constructing a mathematical proof. 

Instruments used are in the form of questions adopted from [8]. Here's the question: Given n as positive 
integer. Prove "If n

2
 is multiples of 3 then n is multiples of 3". To demonstrate that improvement has 

managed to improve the proofs construction, students were asked to construct a proof of other similar 
problem, namely: Given n is positive integer. Prove "If n

2
 is multiples of 5 then n is multiples of 5" 

III. RESULTS AND DISCUSSION 

Students who construct the proof  in the initial  step correctly, but  wrong in connecting it with other 
mathematical concepts that support the mathematical proof, experienced by Students-F and Student-K. 
Here are the mathematical proofs along with the analysis of deficiency  as the result of the thinking process 
of Student-F, as follows: 

 

 

 

 

 

 

 

FIGURE 1. PROOF CONSTRUCTION OF STUDENT-F 
 

 

 

 

 

 

 

 

 

 

 

 

(1) This statement is not required, 

because it is not used  in the next 

step 

(2) This statement is not correct, 

bacause 3k is must be quadratic (3) This statement is correct, but  

because of the previous statement  

is not correct, so then the 

implication is weak. 
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Based on Figure 1 above, it appears that there is an inadequancy of the concept in the proof 

constructions of the Student-F. These inadequancy of the concepts occurred in inferring, looking for a 

relation with rank numbers. It should accommodate with the perfect squares numbers, but the Student-F 

make accommodations with rank numbers  which is the rank of cardinal number 3 with the rank of an odd 

number. Therefore, efforts are needed to improve this wrong process. The wrong process is  the result of 

lack of proper connection between n as positive integers with 3k which  is the number in the root. This is 

what isasked to the Student-F as follows: 

Researcher (R): Here the positive numbers k is the multiples of odd number, why choose odd 

number? 

Student-F (F): Because if suppose it is even, then root-number is odd, And if odd then root-number 

is rational number 

 

To track Student-F’s understanding in constructing proof, carried out a series of questions that 

answered by Student-F as in Figure 2. That process started with an inquiry  about  numbers as an example 

that satisfies  the theorem proved. Numbersas an example which is mentioned by the Student-F is 36. The 

number was able to create cognitive conflict in the Student-F’s scheme of thinking, because he has to 

analyze that 36 = 3 x 12 = 3 x 4 x 3. In this way, it was able to bring Student-F to realize that there is an 

error in constructing the  previous proof. 

R:Should be it (odd rank)?, Earlier, it was for example 36… 

F: 36 = 3 multiplied by.... 36 = 3 multiplied by 12.... Yeah Sir 

 

By realizing his  mistake, it makes the condition of disequilibrium in student-F’s thinking scheme, 

which resultedan encouragement on Stundent-F to do reflection. Reflection is aided by asking which 

multiples of 3 is and making use the  greater numbers as an examplewhich is a multiples of 3, namely 81 

and 144. Student-F was able to analyze  that 81 = 3 x 3
3
 and 144 = (12) 

2
 = (4 x 3)

2
 = 3

2
x4

2
. 

R: So  how is the characteristicshould be..how k is should be  ...? 

F: [ thinking .........] 

R: Earlier you mentioned  36, try it now with  ... 81. Try again what it means to be a multiple of 3? 

F: It means, one of the factors is 3. 

R: One of the factors is 3, yeah. Or simply, 12 ismultiples of 3 because of what.... 

F: 3  multiplied by a number, the result is 12. 

R: 18 ismultiples of 3,  it means..? 
     F: 3  multiplied by a number, the result is 18 

 

 

IV. USING THE TEMPLATE 

 

 

 

 

 

 

 

FIGURE 2. STUDENT-F’S IMPROVEMENT PROCESS IN CONSTRUCTING PROOF 

 

Writing the number 81 = 3
2
 x 3

2
 and 144 = 3

2
x4

2
 can makeStudent-F able to read that there is a 

pattern of numbers that the square numbers multiples of 3 patterned 3
2
 times another square numbers. So, 

Students-F makes the symbolism of the number pattern to be used in  improving the mathematical proof 

construction. 

R: Now think of the form how should be like this(odd rank), whether it should be ranked or simply 

multiplied 

 
 

 

 

 

 

1 3 
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F: Well.... (Thinking long enough) ... .3 multiplied by 3 times the square number, Means, n = root 

of 3p, p = 3m
2
, meaning n = root of (3 3 m

2
) 

R: Why is  p equal to 3 m
2
, what is the reason? 

F: First,  n is positive number, integer, then  3 must be multiplied by 3 m
2
, so if taking its root 

yields integer too 

R: what is p? 

F: p is integer 

 

Based on the above, Student-F through the process in improving the proof construction begins by 

looking for the number n that satisfies the statement. It aims to reduce the degree of abstractness the 

statement proved. Furthermore, from the numbers that meet the requirement of the statement, he traced 

the pattern of numbers that appear. Then proceed with symbolyze the  variable n, accordance with the 

pattern of numbers found in the previous step. Furthermore,he is symbolizing the inserted variables into 

the system that proovedearlier. 

 

Furthermore, it will discuss about the mathematical proof along with the analysis of deficiency as 

the resultof  the thinking processof Student-K. 

 
 

 

 

 

 

 

 

 

 

FIGURE 3. PROOF CONSTRUCTION OF STUDENT-K 

 

Based on Figure 3 above, it appears that the proofwhich is constructed byStudents-Khas an 

inadequancy on the concept. These inadequancy occurred  in inferring when looking for a relation, in 

order the number n is 3 times a constant. However, the Student-K did not notice that the constants must 

be integers, so it makes division for k1 divided by n to obtain a new constant. Therefore, it is needed an 

effort to improve the wrong process. 

To track student-K’s understanding in constructing proofs, it isconducted a series of questions that 

are answered as in Figure 4. 

Researcher (R): Why Rohim dividing k1 by n, here? 

Student-K (K): For this sir ... So it can be in the form of multiplication by 3 

R: The form k1 / n, what kind of number is it? 

K: Integer ...  It’s because the n is integer 

R: Are you sure? 

K: ... mmm ... mmm .... 

 

The question turned out to be capable of generating cognitive conflict of thinking schemes in 

Student-K. This is indicated by the appearance of disequilibrium. Thus, the students are forced to think 

reflectively. In reflective thinking, to reduce the level of abstraction of the theorem, they are asked about 

the example that satisfies the theorem. The studentslisted some  positive square numbers, and 

thenmentioned numbers 9, 36, and 81. Student-K connecting the three numbers with the numbers 3 and 

were able to read that there is a pattern of numbers. 

Q: Is there a pattern? 

K: [working ...] 

P: Are you sure ...? 

K: yes, sir. The pattern is3
2
.k

2
 

 

1) Not declare that k1is positive integer 

2) Not declare that k1/nis positive integer 

3) Not declare that k2is positive integer 
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Based on the above, student-K through the process in  improving the proof construction begins by 

looking for the number n that satisfies the statement. It aims to reduce the degree of abstractness the 

statement proved. Furthermore, from the numbers that meet the requirement of the statement, he traced 

the pattern of numbers that appear. Then proceed with symbolyze the  variable n accordance with the 

pattern of numbers found in the previous step. Furthermore, he is symbolizing the inserted variables into 

the system that prooved earlier. 

 

 
FIGURE 4. STUDENT-K’S IMPROVEMENT PROCESS IN CONSTRUCTING PROOF 

 

Based on the discussion of the proof construction that was constructedbyStudent-F and Student-K, it 

can be obtained work-flow improvements as follows: 

 
FIGURE 5. FLOW PROCESS IMPROVEMENT OF PROOF CONSTRUCTION FOR STUDENTS EXPERIENCING AN INADEQUANCYCONCEPT 

 

 

IV. CONCLUSION 

The research revealed that in order to correct mistakes in constructing mathematical proof for the 

students who are right at the first step of proof, but wrong in connecting with the other mathematical 

concept, can be done through the following steps: 1) raise awareness that there is an error in the proof  

that has been constructed, 2) encouraged to think reflection, 3) helping to get directions or proof 

strategies. The flow of the improvement  processis, starting with correcting concepts with examples, and 

then correct the patter of formal logic, symbolization, and inserting to Representation System Proof 

(RSP). 

 

•Example 
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• Inserting to RSP 
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